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a b s t r a c t
A (D; g)-cage is a graph having degree set D, girth g , and the minimum possible number
of vertices, which is denoted by n(D; g). When D = {r} the corresponding ({r}; g)-cage
is clearly r-regular, and is called an (r; g)-cage. In this work we prove that if g < g ′ then
n(D; g) < n(D; g ′) under certain requirements on the elements of the degree set D or on
the girth g .
© 2011 Elsevier Ltd. All rights reserved.
1. Notation and overview
Throughout this work, only undirected simple graphs without loops or multiple edges are considered. Unless otherwise
stated, [1] is followed for terminology and definitions. The vertex set (respectively, edge set) of a graph G is denoted by V (G)
(respectively, E(G)). The set of vertices adjacent to a vertex v is denoted byNG(v). The degree of a vertex v is dG(v) = |NG(v)|,
and a vertex is called even or odd according to whether its degree is even or odd. A graph is called r-regular when all the
vertices have the same degree r . The distance between u, v ∈ V (G) is written as ∂G(u, v). If G is clear from the context, the
corresponding subscript will be omitted.
The degree set D of a graph is the set of distinct degrees of its vertices. The frequency of each degree in D is the number
of vertices of the graph having this degree. A (D; g)-cage is a graph with degree set D, girth g , and the minimum possible
order (denoted by n(D; g)). For the regular case, D = {r}, an ({r}; g)-cage is called an (r; g)-cage (and its order is written
as n(r; g) instead of n({r}; g)). In fact, the concept of (r; g)-cages was introduced formerly [2]; (D; g)-cages appeared some
years later as a natural generalization.
The existence of (r; g)-cages for any given value of the pair (r, g) was proved by Erdős and Sachs [3], and these graphs
have been intensively studied since then; see the surveys [4,5]. Only a few (r; g)-cages are known (for instance, the complete
graph Kr+1 is the unique (r; 3)-cage, and the Petersen graph is the unique (3; 5)-cage). More detailed information about the
construction of cages can be seen in the recent dynamic cage survey by Exoo and Jajcay [6]. Even estimating the bounds on
the order of an (r; g)-cage is very difficult in general when r ≥ 3 and g ≥ 5. Apart from bounds on the order, some authors
have approached other structural properties of (r; g)-cages. The diameter of an (r; g)-cage was proved to be at most g by
Sauer [7], and several results concerning the connectivity of these graphs can be seen in [8–14], for example. A key point
for proving most of these results is the so-called Girth Monotonicity Theorem, established by Erdős and Sachs [3], and also by
Holton and Sheehan [4], and Fu et al. [9].
Theorem 1.1 (Girth Monotonicity Theorem [3,9,4]). Let r ≥ 2, 3 ≤ g1 < g2 be integers, and let n(r; gi) be the order of an
(r; gi)-cage, i = 1, 2. Then n(r; g1) < n(r; g2).
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Fig. 1. Three non-isomorphic minimal ({3, 4}; 5)-cages on 13 vertices.
The purpose of this work is to generalize this theorem to (D; g)-cages (see Section 2), with the aim of using this
generalization to approach other structural properties of (D; g)-cages in a similar way to what has been done for (r; g)-
cages; see [15]. Again, most (D; g)-cages are unknown and the same holds for their order. As far as n(D; g) is concerned, a
lower bound was proved by Downs et al. [16]. Let D = {a1, a2, . . . , ak} be such that a1 < a2 < · · · < ak. Then
n(D; g) ≥ n0(D; g) =

1+
t−
i=1
ak(a1 − 1)i−1 if g = 2t + 1,
1+
t−1
i=1
ak(a1 − 1)i−1 + (a1 − 1)t−1 if g = 2t.
(1)
A (D; g)-cage on n0(D; g) vertices is called a minimal (D; g)-cage. Kapoor et al. [17] proved that (D; 3)-cages are minimal,
i.e., n(D; 3) = n0(D; 3) = 1 + ak. And Chartrand et al. [18] proved that n({2,m}; g) attains the lower bound (1). When
D = {r,m}, 2 ≤ r < m, some exact values of n(D; g) and the corresponding cages can be seen in [19,20,16,21,22]. Fig. 1
shows three non-isomorphic minimal ({3, 4}; 5)-cages on 13 vertices. Graphs (a) and (b) have exactly one vertex of degree
4 while graph (c) has three vertices of degree 4. In graph (b) all the cycles of length 5 pass through the vertex of degree 4,
and in graph (a) there are cycles of length 5 that do not go through the vertex of degree 4.
2. Results
In [18] it was proved that n({r,m}; 4) = r +m. In the following lemma we establish an upper bound on n(D; 4).
Lemma 1. Let D = {a1, a2, . . . , ak} be such that a1 < a2 < · · · < ak. Then n(D; 4) ≤ ak + a⌈k/2⌉.
Proof. Let us consider a complete bipartite graph Ka1,ak = (X0, Yk) such that |X0| = a1 and |Yk| = ak. Then every
x ∈ X0 has degree ak and every y ∈ Yk has degree a1. Let X1 be a new set on a2 − a1 vertices and let Yk−1 ⊂ Yk be
such that |Yk−1| = ak−1. Let us consider the bipartite graph B1 with partite sets of vertices (X0 ∪ X1, Yk) and edge set
E(Ka1,ak)∪{x1y : x1 ∈ X1, y ∈ Yk−1}. Observe that the degree set of B1 is {ak, ak−1, a1, a2} because if v ∈ X0 then dB1(v) = ak;
if v ∈ X1 then dB1(v) = ak−1; if v ∈ Yk−1 then dB1(v) = a1 + (a2 − a1) = a2; and if v ∈ Yk \ Yk−1 then dB1(v) = a1. For all r
with 2 ≤ r ≤ ⌈k/2⌉ − 1 we iterate this procedure as follows.
Let Xr be a new set of ar+1 − ar vertices and let Yk−r ⊂ Yk−r+1 be such that |Yk−r | = ak−r . Let us consider the bipartite
graph Br with stables (
r
i=0 Xi, Yk) and edge set E(Br−1) ∪ {xry : xr ∈ Xr , y ∈ Yk−r}. Observe that the degree set of Br
is {ak, ak−1, . . . , ak−r , a1, a2, . . . , ar} because if v ∈ Xi, then dBr (v) = ak−i, i = 0, 1, . . . , r; and if v ∈ Yk−j, then dBr (v)= aj + (aj+1 − aj), j = 0, 1, . . . , r .
In this way we obtain a graph on ak + a⌈k/2⌉ vertices with degree set D and girth 4, so the lemma holds. 
Let G be a graph, and let u ∈ V (G) be a vertex with d(u) ≥ 2 even, such that u does not belong to a triangle. Let Eevenu be a
set of new d(u)/2 independent edges joining the vertices of N(u). We define the graph Gevenu as a new graph with vertex set
V (Gevenu ) = V (G) \ {u} and edge set
E(Gevenu ) = E(G− u) ∪ Eevenu . (2)
Let uv ∈ E(G) be an edge such that d(u), d(v) ≥ 3 are odd, neither u nor v belonging to a triangle. Let Eodduv be the disjoint
union of a set of new (d(u) − 1)/2 independent edges joining the vertices of N(u) − v and a set of new (d(v) − 1)/2
independent edges joining the vertices of N(v)− u. Let Godduv be the graph with vertex set V (Godduv ) = V (G) \ {u, v} and edge
set
E(Godduv ) = E(G− {u, v}) ∪ Eodduv . (3)
Both graphs Gevenu and G
odd
u,v are generalizations of the regular graphs considered in the proof of Theorem 1.1.
Lemma 2. Let G be a (D; g)-cage where D = {a1, a2, . . . , ak}, 2 ≤ a1 < a2 < · · · < ak.
(i) Every even vertex whose degree has frequency at least 2 lies on a cycle of length g.
(ii) Suppose that uv ∈ E(G) with odd endvertices. Suppose that d(u) = ah, d(v) = as, with frequencies nh, ns. If nh, ns ≥
2+ ⌊min{ah, as}/max{ah, as}⌋, then u or v lies on a cycle of length g.
Proof. (i) Let ah ∈ D be even with frequency nh ≥ 2. Let u be a vertex such that d(u) = ah,N(u) = {w1, w2, . . . , wah}, let
Cu be the set of cycles of G going through u and define ℓ = min{|V (C)| : C ∈ Cu}. If ℓ = g then the lemma is valid; thus
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assume that ℓ ≥ g+1. Let Gevenu be the graph defined in (2), which has degree set D because nh ≥ 2. Note that every cycle of
length g in G still exists in Gevenu , because no cycle in G of this length contains u. Moreover, any cycleH of G
even
u not containing
edges wiwj ∈ Eevenu has length |E(H)| ≥ g; and if H contains one or more new edges wiwj ∈ Eevenu , then |E(H)| ≥ ℓ − 1 as
∂G−u(wi, wj) ≥ ℓ − 2. Hence it is proved for the girth of Gevenu that g(Gevenu ) = min{g, ℓ − 1} = g because ℓ ≥ g + 1 by
assumption. This is a contradiction because Gevenu is a (D; g)-graph with one vertex less than G. Hence ℓ = g .
Suppose now that u and v are two odd adjacent vertices. Let Cu and Cv be the sets of cycles going through u and v
respectively and now define ℓ = min{|V (C)| : C ∈ Cu ∪ Cv}. If ℓ = g then the lemma is valid; thus assume that ℓ ≥ g + 1.
Let Godduv be the graph defined in (3). From the assumption about the frequencies of the degrees d(u), d(v), it follows that
nh = ns ≥ 3 if d(u) = d(v) or nh, ns ≥ 2 if d(u) ≠ d(v). Hence the graph Godduv has degree set D. Moreover every cycle of
length g in G still exists in Godduv as no cycle of length g is eliminated after the deletion of vertices u, v. Let H be a cycle of
Godduv . If H does not contain edges from E
odd
uv , then its length is |E(H)| ≥ g . If H contains a nonempty subset of edges Eˆ ⊂ Eodduv ,
then H must contain |Eˆ| paths in G − {u, v} between two endpoints of the edges in Eˆ. More precisely, when |Eˆ| = 1 then
|E(H)| ≥ 1 + (ℓ − 2) because the edge in Eˆ is placed between two vertices that were neighbors in G of either u or v; and
when |Eˆ| ≥ 2 then |E(H)| ≥ 2 + 2(ℓ − 3) because any two vertices in (N(u) ∪ N(v)) \ {u, v} are at least ℓ − 3 apart in
G− {u, v}. Therefore the girth of Godduv is g(Godduv ) = min{g, ℓ− 1, 2(ℓ− 3)} = g because ℓ ≥ g + 1 ≥ 4 by assumption. But
Godduv has fewer vertices than G, yielding a contradiction. As a consequence, we have u or v (maybe both) belonging to some
cycle in G of length g . 
Note that if every ai ∈ D has frequency at most 2, then |V (G)| ≤ 2|D| = 2k, which is a contradiction if G is a (D; g)-cage
with a1 ≥ 2 and g ≥ 5 because expression (1) yields |V (G)| ≥ n0(D; g) ≥ 1 + a1ak ≥ 1 + 2(k + 1). Hence the following
remark follows.
Remark 1. Let G be a (D; g)-cage with g ≥ 5 and D = {a1, a2, . . . , ak}, 2 ≤ a1 < a2 < · · · < ak. Then some degree in D has
frequency at least 3.
The version for (D; g)-cages of the Girth Monotonicity Theorem follows now from Lemma 2 and Remark 1.
Theorem 2.1. Let D = {a1, a2, . . . , ak} with 2 ≤ a1 < a2 < · · · < ak, and let g1, g2 be two integers such that 3 ≤ g1 < g2.
Then n(D; g1) < n(D; g2) in any of the following cases:
(i) g1 = 3, 4;
(ii) every ai ∈ D is even;
(iii) g1 ≥ k− 1;
(iv) k ≤ 6;
(v) the minimum odd degree a∗ ∈ D satisfies a∗ ≥ ⌈k/3⌉ + 3;
(vi) a1 > 2 and a∗ ≥ ⌊√2k− 7/4+ 5/2⌋ holds for the minimum odd degree a∗ ∈ D.
Proof. By (1) it follows for each odd g2 = 2t + 1 ≥ 5 that n0(D; g2) ≥ 1+ a1ak > 1+ ak; and n0(D; g2) ≥ a1+ ak > 1+ ak
holds for each even g2 = 2t ≥ 4. As a consequence,
n(D; 3) = 1+ ak < n0(D; g2) ≤ n(D; g2)
because (D; 3)-cages are minimal [17]. Hence, the theorem holds when g1 = 3. By (1) it follows for all even g2 ≥ 6 that
n0(D; g2) ≥ 1+ a1ak + (a1 − 1)2 > 1+ a1ak. Thus, by Lemma 1 it follows that
n(D; 4) ≤ ak + a⌈k/2⌉ < 2ak + 1 ≤ a1ak + 1 ≤ n0(D; g2).
Hence the theorem is also true when g1 = 4 and item (i) holds. For proving the remaining items, we will show that
n(D; g) < n(D; g + 1) (4)
holds for every girth g ≥ 5. Let G be a (D; g + 1)-cage with n(D; g + 1) vertices and let nj denote the frequency of aj for all
j ∈ {1, . . . , k}. Let us show the following claims.
Claim 1. (4) holds if some ai ∈ D is even and ni ≥ 2.
Letube a vertex such that d(u) = ai. By Lemma2, a cycleC of length g+1 containingumust exist inG. Letw,w′ ∈ N(u)be
such thatw,w′ ∈ V (C). Proceeding as in Lemma 2, Gevenu (withww′ ∈ Eevenu ) has fewer vertices than G, degree setD (observe
that the frequency of ai is ni − 1 ≥ 1 in Gevenu ), and girth g (notice that the remaining part of C after the deletion of u joint
with the edgeww′ defines a cycle of length g in Gevenu ). Then n(D; g) ≤ |V (Gevenu )| < |V (G)| = n(D; g+1), and (4) holds. 
Item (ii) follows from Claim 1 since some ai ∈ D (even) has frequency at least 3 (by Remark 1) in every (D; g + 1)-cage
with g ≥ 5.
By means of Claim 1 and item (ii) we can assume from now on that nj = 1 for all even aj (if any) and that some ai ∈ D
is odd.
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Claim 2. (4) holds if G contains a cycle C of length g+1 passing through an odd vertex u of d(u) = ah which has an odd neighbor
v ∈ N(u) \ V (C) of d(v) = as such that nh, ns ≥ 2+ ⌊min{ah, as}/max{ah, as}⌋.
Suppose that w,w′ ∈ V (C) ∩ N(u). As in Lemma 2, the graph Godduv (with ww′ ∈ Eodduv ) has fewer vertices than G, degree
set D and girth g . Then n(D; g) ≤ |V (Godduv )| < |V (G)| = n(D; g + 1), and (4) also holds. 
Claim 3. (4) holds if g ≥ k− 1.
Let C be a cycle in G of length g + 1, and let U ⊂ V (C) be the set of vertices of any of the following types:
(a) vertices xwith d(x) = aj such that nj = 1;
(b) vertices x with d(x) = aj such that nj ≥ 3, and every y ∈ N(x) \ V (C) is such that its degree d(y) = al has frequency
nl = 1;
(c) vertices x with d(x) = aj, nj = 2, with one vertex x′ ∈ N(x) \ V (C) of degree d(x′) = aj (hence x and x′ are the only
vertices in Gwith degree aj), with the degree of each of the vertices (if any) y ∈ N(x) \ V (C), y ≠ x′, having frequency 1.
Since g + 1 ≥ 6, |N(u) ∩ N(v)| ≤ 1 for all u, v ∈ V (G), u ≠ v. Then a new set U∗ of the same cardinality as U can
be constructed from U by replacing every vertex x ∈ U that belongs to the above category (b) with one of its neighbors
y ∉ V (C) that satisfies d(y) = al with frequency nl = 1. As the degrees of the vertices in U∗ are pairwise distinct, it follows
that |U| = |U∗| ≤ k − 1 (recall Remark 1). Then as g + 1 ≥ k, there must exist some u ∈ V (C) \ U . Set d(u) = ah, and
observe that nh ≥ 2 holds (and hence ah is odd). Furthermore, u is adjacent to some vertex v ∉ V (C) of degree d(v) = as
and frequency ns ≥ 2 (and thus as is odd), in such a way that nh, ns ≥ 3 whenever ah = as. By Claim 2, (4) holds. 
Item (iii) holds as a consequence of Remark 1 and Claims 1–3. Also item (iv) is derived from Claim 3 because g1 ≥ k− 1
is true when k ≤ 6 (recall item (i)).
Claim 4. (4) holds if G contains an odd vertex u whose degree has frequency at least 3 and there exist three odd neighbors
w1, w2, w3 of u whose degrees have frequency at least 2.
The edge uw1 satisfies the hypothesis of Lemma 2; thus there exists a cycle C of length g + 1 such that u ∈ V (C) or
w1 ∈ V (C). If either u ∉ V (C) or w1 ∉ V (C), (4) holds from Claim 2. If u, w1 ∈ V (C), then wi ∉ V (C) for some i ∈ {2, 3},
and (4) also holds by Claim 2. 
Claim 5. (4) holds if the minimum odd degree a∗ ∈ D satisfies a∗ ≥ ⌈k/3⌉ + 3.
Define F3 = {ah ∈ D : the frequency of ah is at least 3} ⊆ D; then |F3| ≥ 1 by Remark 1, and every element of F3 is
odd by Claim 1. Let V1 be the set of vertices whose degrees have frequency exactly 1 in G. Then |N(u) ∩ V1| ≥ d(u) − 2
for all u ∈ F3, because otherwise (4) holds by Claim 4. Suppose that ai ∈ F3 and let u1, u2, u3 be three vertices of degree
d(uj) = ai ≥ a∗, j = 1, 2, 3. Since g+1 ≥ 6, it follows that |3j=1(N(uj)∩V1)| ≥ (ai−2)+ (ai−3)+ (ai−4) = 3ai−9. As|V1| coincideswith the number of elements inD of frequency 1, it follows that k = |D| ≥ |V1|+|F3| ≥ (3ai−9)+1 ≥ 3a∗−8,
which contradicts the hypothesis. 
As a consequence of Remark 1 and Claims 1, 4 and 5, item (v) holds.
Claim 6. (4) is true if a1 > 2 and a∗ ≥ ⌊√2k− 7/4+ 5/2⌋ holds for the minimum odd degree a∗ ∈ D.
By Claim 3, we may assume that 6 ≤ g + 1 ≤ k − 1, i.e., k ≥ 7, hence a∗ ≥ 7. Define V3 = {u ∈ V (G) :
the frequency of d(u) is at least 3}; then d(u) ≥ a∗ ≥ 7 for all u ∈ V3 because every vertex in V3 has odd degree. As
g + 1 ≥ 6 is the girth of G we have |V (G)| ≥ n0(D; g + 1) ≥ 1 + a1ak + (a1 − 1)2 = 2 + (a1 − 2)(ak + a1) + 2ak, and
recalling Remark 1 we get
|V3| = |V (G)| −
k−
i=1,ni≤2
ni ≥ |V (G)| − 2(k− 1) ≥ 6+ (a1 − 2)(ak + a1)
because ak ≥ k+ 1. Therefore, if a1 > 2 it follows that |V3| ≥ 6+ ak + a1 > a∗.
We assume that every vertex in V3 has at most two neighbors whose degrees have frequency at least 2, and we will get a
contradiction. Let V1 be the set of verticeswhose degrees have frequency exactly 1 inG. For every u ∈ V3 letN∗(u) ⊂ N(u) be
the set of those neighbors of u that belong toV1.Wemust assume that |N∗(u)| ≥ |N(u)|−2 = d(u)−2 ≥ a∗−2 for all u ∈ V3;
otherwisewe are done by Claim 4. Set V3 = {u1, u2, . . . , u|V3|} and observe that |N(ui)∩N(uj)| ≤ 1 for all distinct ui, uj ∈ V3,
because g + 1 ≥ 6 is the girth of G; as a consequence, |N∗(ui) ∩ (i−1j=1 N∗(uj))| ≤ i − 1 holds for each i = 2, . . . , |V3|.
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Then,
k− 1 ≥ |V1| ≥

|V3|
i=1
N∗(ui)

= |N∗(u1)| +
|V3|−
i=2

|N∗(ui)| −
N∗(ui) ∩

i−1
j=1
N∗(uj)


≥ (a∗ − 2)+
a∗−2−
i=2
((a∗ − 2)− (i− 1)) = (a∗ − 2)(a∗ − 1)/2,
after taking |N∗(ui)| −
N∗(ui) ∩ i−1j=1 N∗(uj) ≥ 0 if i − 1 ≥ a∗ − 2. This inequality yields (a∗)2 − 3a∗ + 4 − 2k ≤ 0,
which is easily seen to be false for all a∗ ≥ ⌊√2k− 7/4 + 5/2⌋. From this contradiction it follows that some vertex in
V3 has at least three neighbors whose degrees have frequency at least 2 (thus, the degrees are odd), and (4) follows from
Claim 4. 
Then, item (vi) holds as a consequence of Remark 1 and Claims 1, 3, 4 and 6. 
In view of Theorem 2.1, it makes sense to make the following conjecture.
Conjecture 1. The inequality n(D; g1) < n(D; g2) holds for every degree set D and all integers 3 ≤ g1 < g2.
Observe that Theorem 2.1 cannot be applied when all items (i)–(vi) do not hold. This occurs when |D| = k ≥ 7, 5 ≤
g1 ≤ k − 2 and either: a1 = 2 and the minimum odd degree a∗ ∈ D satisfies a∗ ≤ ⌈k/3⌉ + 2; or a1 > 2 and a∗ <
⌊√2k− 7/4+ 5/2⌋.
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